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We discuss a confining model for quark-antiquark system with a new color SU3
gauge symmetry. New gauge transformations involve non-integrable phase factors and
lead to the fourth-order gauge field equations and a linear potential. The massless
gauge bosons have non-definite energies, which are not observable because they are
permanently confined in quark systems by the linear potential. We use the empirical
potentials of charmonium to determine the coupling strength of the color charge gs and
find g2
s
/(4pi) ≈ 0.2. We discuss Feynman-Dyson rules for the confining quark model,
which involve propagators with poles of order 2 associated with new gauge fields. The
confining quark model may be renormalizable by power counting and compatible with
perturbation theory.
1 Introduction
In order to understand confining potentials for quarks, we generalize the usual
SU3 gauge transformations to new transformations involving a non-integrable
phase factor. This generalization leads to a new fourth-order gauge-invariant
field equations. The non-homogeneous field equation leads to a particular solu-
tion ∝ r and the homogeneous equation has a solution ∝ 1/r. Their coefficients
are determined by physical boundary conditions.
We demonstrate that the conservation of the quark current can also be un-
derstood in terms of the new (SU3)color gauge symmetry. We replace the usual
Lorentz scalar gauge function Λa(x) by a vector function ωaµ(x), which leads nat-
urally to a non-integrable phase factor involving the vector gauge function ωaµ(x).
In the special case, ωaµ(x) = ∂µΛ
a(x), the non-integrable phase factor reduces
to the usual phase factor. In the literature, Yang and Wu stressed that elec-
tromagnetism is the gauge invariant manifestation of the non-integrable phase
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factor exp(ie
∮
Aµdx
µ), which provides an intrinsic and complete description
of electromagnetism.[1, 2] We used vector gauge functions and non-integrable
phase factor to investigate forms of gauge fields, wrapping numbers and quan-
tization conditions in gauge field theories.[3] In this paper, we further general-
ize the form of vector gauge functions and employ them to explore a confining
quark model, fourth-order gauge field equations[4] and confining potentials. The
massless gauge bosons associated with fourth-order equations have non-definite
energies,[5] which turn out to be not observable because, in the present model,
these gauge bosons are permanently confined in quark systems by the linear
potential.
The excited states of the charmonium provide empirical potentials between
charmed quark-antiquark.[6] The potentials have a linear potential in r and
a Coulomb-type potential ∝ r−1. It is interesting to note that the coupling
strength associated with the Coulomb-type potential cannot be purely electro-
magnetic. The presence of both the linear and the Coulomb-type potentials are
just right for the general solution of the fourth-order gauge field equation with
new (SU3)color gauge symmetry.
2 New Color SU3 Gauge Transformations
Suppose gauge fields Haµ(x) and quark fields q(x) are associated with (SU3)color.
For quarks, the generalized gauge transformations involving vector gauge func-
tions ωaλ(x) are defined by
q′(x) = Ω(x)q(x), q′(x) = q(x)Ω−1(x), (1)
Ω(x) = exp
[
−igs
∫ x
ωλ(x
′)dx′λ
]
, (2)
ωλ(x) = ω
a
λ(x)L
a, [La, Lb] = ifabcLc, La =
λa
2
. (3)
where c = h¯ = 1 and λa, a=1,2,...8, are Gell-Mann matrices.[7] The path in (2)
could be arbitrary, as long as it ends at the point x ≡ xν .
The new gauge transformations for Haµ(x) are defined by
H ′µ(x) = Ω(x)Hµ(x)Ω
−1(x)− i
gs
Ω(x)∂µΩ
−1(x), (4)
where H ′λ(x) = H
′a
λ (x)L
a. The SU3 gauge covariant derivatives ∆µ and gauge
curvatures Hµν(x) are defined as usual,
∆µ = ∂µ + igsH
a
µ(x)L
a, (5)
[∆µ,∆ν ] = igsHµν(x), Hµν(x) = H
a
µν(x)L
a, (6)
where
Hµν(x) = ∂µHν(x) − ∂νHµ(x) + igs[Hµ(x), Hν (x)]. (7)
2
We have the following new gauge transformations for Hµν(x) and ∂
µHµν(x) :
H ′µν(x) = Hµν(x) + ∂µων(x) − ∂νωµ(x) − igs
[∫ x
ωλ(x
′)dx′λ, Hµν(x)
]
, (8)
for infinitesimal ωµ(x). However, ∂
µHµν(x) transforms properly under (4),
∂µH ′µν(x) = ∂
µHµν(x)− igs
[∫ x
ωλ(x
′)dx′λ, ∂µHµν(x)
]
, (9)
provided the gauge functions ωµ(x) satisfy the following constraints
∂µ{∂µων(x) − ∂νωµ(x)} − igs[ωµ(x), Hµν (x)] = 0. (10)
The constraints in (10) are necessary for the gauge invariance of the Lagrangians
with (SU3)color group. We stress that the Lagrangian with new SU3 gauge
invariance can be constructed only for the general gauge function, ωµ(x) 6=
∂µω(x). The restriction for ωµ(x) in (10) is similar to that for gauge functions
of Lie groups in the usual non-Abelian gauge theories.[8, 9] We also verify that
qγµ∆µq is invariant under the transformations (1) and (2), where we have used
the relation ∂µΩω(x) = −igsωaµ(x)LaΩω(x).
3 A New Invariant Lagrangian and Confining
Potentials
In the confining model for quark-antiquark system, the Lagrangian with new
[SU3]color gauge symmetry takes the form
LqH =
1
2
L2s∂µH
µλa∂νHaνλ + q(x)[iγ
µ(∂µ + igsH
a
µL
a)−M ]q(x), (11)
where M is the mass matrix of quarks.[7] The gauge field equation for Haµ(x)
can be derived from the Lagrangian (11),
∂2∂µHaµν −
gs
L2s
qγνL
aq = 0. (12)
One can also derive quark equations from the gauge invariant Lagrangian (11)
and obtain the continuity equation ∂ν(qγνL
aq) = 0 associated with the color
SU3 group. The new gauge symmetry and the resultant gauge fields satisfying
the fourth-order equations may be called respectively ‘taiji gauge symmetry’[4]
and ‘taiji gauge fields,’ in order to distinguish them from usual gauge symmetries
and gauge fields. The massless gauge bosons associated with Haµ(x) may be
called ’confions.’
Since there is a good empirical potential obtained by fitting the spectrum
of charmonium, let us consider the static solution of (12) produced by charmed
3
quarks, q(x) = c(x). We are interested in the static equation for the time-
component Ha0 (r) in (12),
L2s∇2∇2Ha0 (r) = gscγ0Lac, a = 1, 2, 3, .....8. (13)
To be specific, let us first consider a = 8. For a spherical symmetric and static
solution, we replace the time component of the source term in (13) by a point
source at the origin.
∇2∇2H80 (r) =
gs
L2s
cγ0L
8c =
gs
2
√
3L2s
[δ3(r)11 + δ
3(r)22 − 2δ3(r)33]. (14)
To avoid confusion, we use δ3(r)kk to denote the usual delta function δ
3(r)
associated with the source ckγ0ck with k=(1,2,3) denoting the color (red, blue,
green) for three different color quarks.[7] In other words, the source c1γ0c1 is
replaced by a point red charge at the origin, denoted by δ3(r)11, etc. Each of the
three source terms in (14) corresponds to a specific Feynman diagram involving
a color charge, which can be expressed in units of gs. The potential due to the
exchange of virtual confion corresponding to H8
0
between c1 and c1 satisfies the
equation,
∇2∇2H8
0
(r) =
Qr
L2s
δ3(r)11, Qr =
gs
2
√
3
. (15)
This equation has a particular solution
H80 (r) = −Qrr/8πL2s, (16)
where we have used the Fourier transform of generalized functions.[10, 4] For
general solutions, we also need a solution H ′8
0
(r) for the homogeneous equation,
i.e., (15) without the source term. We observe that this solution is
H ′80 (r) = b/r,
which satisfies ∇2H ′80 (r) = 0 for r 6= 0. To determine the unknown constant b,
we require that the derivative of the solution of the homogeneous equation satis-
fies the physical boundary condition, ∇2H ′8
0
(0) = −Qrδ3(0), at the origin. This
boundary condition implies that the interaction of taiji gauge fields is character-
ized by one single red charge Qr, i.e., b/r = Qr/(4πr). Thus the general static
solution leads to a ‘dual potential’ with the potential energy −Qr(H80 +H ′80 ) for
the c1c1 system. We should also consider the attractive electromagnetic poten-
tial energy between charmed quark and anti-quark with the charges Qe1 = 2e/3
and Qe2 = −2e/3, i.e., Vem = Qe1Qe2/(4πr). Thus, the potential energy for the
c1c1 system is
V11 =
Q2rr
8πL2s
− Q
2
r
4πr
, Vem = − e
2
9πr
, Qr =
gs
2
√
3
. (17)
Similarly, the potential energies for the c2c2 and the c3c3 systems are
V22 =
Q2br
8πL2s
− Q
2
b
4πr
, Qb =
gs
2
√
3
, (18)
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V33 =
Q2gr
8πL2s
− Q
2
g
4πr
, Qg =
−gs√
3
, (19)
Thus, the sub-total potential energy for the charmonium mediated by the H8µ
is given by the sum of (17), (18) and (19),
V8st =
g2s
2
(
r
8πL2s
− 1
4πr
)
. (20)
One can also obtain the sub-total potential energy for the charmonium mediated
by the H3µ field,
V3st =
g2s
2
(
r
8πL2s
− 1
4πr
)
, (21)
where the static gauge field equation for H3
0
is
∇2∇2H3
0
(r) =
gs
2L2s
cγ0L
3c =
gs
2L2s
[δ3(r)11 − δ3(r)22]. (22)
Next, let us consider the exchange of color confions corresponding to Xµ =
(H1µ+iH
2
µ)/
√
2, Yµ = (H
4
µ+iH
5
µ)/
√
2, Zµ = (H
6
µ+iH
7
µ)/
√
2, and their complex
conjugates.[7] Eq. (13) gives
∇2∇2X0(r) = gs√
2L2s
c1γ0c2 =
gs√
2L2s
δ3(r)12, (23)
and its complex conjugate,
∇2∇2X∗
0
(r) =
gs√
2L2s
c2γ0c1 =
gs√
2L2s
δ3(r)21. (24)
Following the previous steps of calculations from (15) to (20), one can also
obtain the sub-total potential energy for the charmonium mediated by the Xµ
and X∗µ,
VXst = g
2
s
(
r
8πL2s
− 1
4πr
)
. (25)
Similarly, we also have
VY st = VZst = g
2
s
(
r
8πL2s
− 1
4πr
)
, (26)
which was contributed by the fields Yµ.Y
∗
µ , Zµ and Z
∗
µ. The potential energies
for charmonium can be separated into two parts: (a) the sum of (20) and (21),
including Vem, and (b) the sum of (25) and (26). We have
Vtot = g
2
s
(
r
8πL2s
− 1
4πr
)
− 4e
2
9
(
1
4πr
)
, (27)
VXY Z = VXst + VY st + VZst = 3g
2
s
(
r
8πL2s
− 1
4πr
)
,
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where only Vtot is similar to the usual potential, in which quarks do not change
color due to the emission and absorption of a virtual confion. To calculate the
constants Ls and color charge gs in the Lagrangian (11), we use the empirical
potential energy V (r) of the Cornell group obtained by fitting the spectrum of
charmonium[6],
V (r) = −αc
r
[
1−
( r
a
)2]
, (28)
αc = 0.2, a = 0.2fm, mc = 1.6GeV.
In the approach of Cornell group for charmonium spectrum, heavy charmed
quarks are considered as non-relativistic particles. It is natural to identify the
empirical potential V (r) in (28) with the total confining potential energy (27),
including the electromagnetic potential energy. Thus, we obtain the coupling
strength g2s/(4π) and the confining scale length Ls to be
g2s
4π
≈ 0.2, Ls ≈ 0.14fm, mc ≈ 1.6GeV. (29)
Sincemc = 1.6GeV differs from the present experimental values,[11] 1.18GeV ≤
mc ≤ 1.34GeV , with an uncertainty of roughly 30%, other values in (30) may
have similar uncertainties. Nevertheless, it is interesting that the coupling
strength g2s/(4π) in the confining model is still much smaller than 1. This result
suggests that the confining quark model may be consistent with perturbation
theory.
4 New Feynman-Dyson rules for the Confining
Quark Model
Since the generalized gauge transformations involve non-integrable phase factor
(2) and the vector gauge functions, it appears necessary to modify Faddeev-
Popov method[12] in order to the quantize taiji gauge fields and to remove
unphysical amplitudes due to the interaction of the unphysical longitudinal and
time-like components[13] of the massless confion.
We assume that the Faddeev-Popov method can be suitably modified and
applied to the more complicated taiji SU3 symmetry involving the fourth-order
gauge field equations. To quantize the confining model and to obtain new
Feynman-Dyson rules for Feynman diagrams in the confining model, the to-
tal Lagrangian Ltot must including the gauge fixing term Lgf . We assume Ltot
to be
Ltot = LqH + Lgf , (30)
Lgf =
L2s
2α
(∂λ∂µH
µa)(∂λ∂νHaν ),
which corresponds to the choice of a new gauge condition
∂λ∂µH
µa = yaλ(x), (31)
where yaλ(x) is a suitable function independent of the fields and the vector gauge
functions. It can be verified that the gauge condition (31) cannot be imposed
for all times because the unphysical components of the taiji gauge field ∂µH
µa
do not satisfy the free equation, in contrast to that in quantum electrodynamics.
The vacuum-to-vacuum amplitude of the model is[12, 13]
W (yaλ) =
∫
d[H, q, q]exp
(
i
∫
LqHd
4x
)
×detQ
∏
a,x,λ
δ(∂λ∂µH
µa − yaλ), (32)
where the functional determinant detQ can be calculated by considering the
infinitesimal taiji gauge transformation of (31), i.e., ∂λ∂µH
′µa − yaλ = 0[12, 14].
The generating functional W (J) in the gauge specified by (31) is given by
W (J) =
∫
d[H,D,D, q, q]exp
(
i
∫
(Leff + J
a
µH
aµ + qη + ηq)d4x
)
, (33)
Leff = Ltot + LD, LD = L
2
s[∂
2D
a
∂2Da − gsfabc(∂2Da)∂µ(HµbDc)]. (34)
The ghost Lagrangian LD contains all interaction terms corresponding to those
of the longitudinal and time-like confion. In the derivation of (21) and (22) based
on ∂λ∂µH
′µa− yaλ(x) = 0, the infinitesimal vector gauge function ωaµ is assumed
to correspond to the derivative of ghost fields, ∂µD
a, so that the ghost fields Da
and D
a
satisfy fourth-order equations. As usual, they are quantized as scalar
fermions. In this way, they should produce amplitudes to cancel completely the
extra unwanted amplitudes due to the interactions of unphysical longitudinal
and time-like confions. Thus, gauge invariance and unitarity of the S-matrix in
the confining model can be restored. Since this modified Faddeev-Popov method
is not completely the same as those in the usual gauge theories, it is desirable
that the unitarity and gauge invariance of the S-matrix be independently verified
in the future by explicit calculations[15] of the imaginary parts of amplitudes of
physical processes based on Leff in (34).
The complete Feynman-Dyson rules in the confining model for Feynman
diagrams can be derived from the effective Lagrangian Leff in (34): The confion
and ghost propagators are respectively given by
Cabµν(k) =
−iδab
L2s(k
2 + iǫ)2
[
ηµν − (1− α) kµkν
k2 + iǫ
]
, (35)
Gab(k) =
−iδab
L2s(k
2 + iǫ)2
,
which involve a pole of order 2 rather than a simple pole due to the higher order
derivatives in (34), in contrast to the photon propagator. The 3-confion vertex
[Haα(k1)H
b
β(k2)H
c
γ(k3)] is given by
gsL
2
sf
abc[(k1)
2(k2βηαγ − k3γηαβ + k3βηαγ − k2γηαβ)
7
+(k2)
2(k3γηαβ − k1αηγβ + k1γηαβ − k3αηγβ)
+(k3)
2(k1αηβγ − k2βηαγ + k2αηβγ − k1βηαγ)], (36)
where (kn)
2 = knµk
µ
n, n = 1, 2, 3. The expression for the 4-confion vertex
[Haα(k1)H
b
β(k2)H
c
γ(k3)H
d
δ (k4)] is more complicated. For the discussion of the
degree of divergence associated with (34), it suffices to give some typical terms,
(−i/2)L2sg2s [fnacfnbd(k1αk2βηγδ − k1αk4δηγβ)
+fnadfnbc(k1αk2βηγδ − k1αk3γηβδ)
+fnabfncd(k1αk3γηβδ − k1αk4δηγβ) + ......]. (37)
The confion-ghost vertex involves k3 terms. The momenta are in-coming to
the vertices. The rules for quark propagator and the confion-quark vertex
[q(k)q(p)Haµ(q)], are given by i/(γ
µpµ − m + iǫ) and −igsγµLa respectively.
Other rules[16] such as a factor -1 for each fermion loop, a symmetry factor
(1/2!) for the confion self-energy and for tadpole diagrams are the same as the
corresponding diagrams in quantum chromodynamics (QCD).[17]
From (34)-(37), we have seen that the confion and ghost propagators are
more convergent at high energies than the corresponding propagators in usual
gauge theory by a factor k−2, while the 3-confion, 4-confion and confion-ghost
vertices are all more divergent than the corresponding QCD vertices by a factor
k2. To be specific, one can check the one-loop diagrams with non-negative
superficial degree of divergence such as (A) confion, ghost and quark self-energy
parts and (B) 3-confion, 4-confion, confion-ghost and confion-quark vertices.[17]
All these divergences are no worse than the corresponding diagrams in QCD.
Thus, the confining model could be renormalizable by naive power counting and
with the dimensional regularization.
There is also a linear potential between the quark and the massless con-
fion, which is due to the exchange of a virtual confion between them. Be-
cause of the k-square terms in 3-confion vertex (36), one expects that strong
dual potential V in (27) arises from the exchange of massless confions: V =
(2π)−3
∫
Mfiexp(ik · r)d3k, where the potential is just the 3-dimensional Fourier
transform of the lowest-order M -matrix element.[18] In comparison with other
models for confining quarks such as lattice QCD and potential NRQCD,[19,
20, 21] which involve elaborated computations and approximations, the present
confining model has the advantage of simplicity in the derivation of confining
potential and of close connection to a new gauge symmetry.
The small value for the strength of color charge in (29) suggests that per-
turbation calculations could be useful in this confining model with taiji gauge
symmetry. The empirical potentials indicates the necessity of both a linear po-
tential in r and a non-electromagnetic Coulomb-type potential ∝ r−1. These
properties are just right for the dual potential solution (27) of the fourth-order
gauge field equation with taiji (SU3)color gauge symmetry. The fourth-order
gauge field equations with taiji gauge symmetry play a crucial role in qualita-
tive understanding of the confinement of quarks and confions in quark-antiquark
8
system. We note that the construction of a model with an attractive force for
all quarks and antiquarks appears to be beyond the conceptual framework of
the conventional gauge symmetry with internal groups. It seems likely that the
taiji gauge symmetry will also play a role for understanding baryon (or three-
quark) systems. Since the forces between three quarks are generated by color
isotopic charge and color hypercharge,[7] they involve repulsive and attractive
forces. It is more difficult to understand three-quark systems such as protons
and neutrons, in contrast to the quark-antiquark systems. Nevertheless, one
may speculate that the strong force between baryons may resemble the chemi-
cal bonds between atoms.1
In conclusion, it appears that quark confinement is the gauge invariant man-
ifestation of a non-integrable phase factor, which leads to quark dynamics with
taiji gauge symmetry and confining dual potentials.
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